The topological Hall effect (THE), as one of the primary manifestations of non-trivial topology of chiral skyrmions, is traditionally used to detect the emergence of skyrmion lattices with locally ferromagnetic order. In this work we demonstrate that the appearance of non-trivial two-dimensional chiral textures with locally anti-ferromagnetic order can be detected through the spin version of the THE − the topological spin Hall effect (TSHE). Utilizing the semiclassical formalism, here used to combine chiral antiferromagnetic textures with a density functional theory description of the collinear, degenerate electronic structure, we follow the real-space real-time evolution of electronic SU(2) wavepackets in an external electric field to demonstrate the emergence of sizeable transverse pure spin current in synthetic antiferromagnets of the Fe/Cu/Fe trilayer type. We further unravel the extreme sensitivity of the TSHE to the details of the electronic structure, suggesting that the magnitude and sign of the TSHE in transition-metal synthetic antiferromagnets can be engineered by tuning such parameters as the thickness or band filling. Besides being an important step in our understanding of the topological properties of ever more complex skyrmionic systems, our results bear great potential in stimulating the discovery of antiferromagnetic skyrmions.
Introduction. The discovery of chiral skyrmions in metallic compounds such as MnSi [1] has triggered an enormous theoretical and practical interest in these topological chiral textures which exhibit such fascinating properties as topological transport, fast dynamics and topological robustness. While diverse applications of skyrmions in spintronics are currently discussed, many of them rely on an idea of skyrmion propagation in a device realizing either information transfer or racetrack memory. Conventional, locally ferromagnetic skyrmions, found e.g. in FeGe or at the interfaces between Co and Pt [2] [3] [4] [5] [6] , suffer from the skyrmion Hall effect which intrinsically roots in a Magnus force pushing the skyrmions towards the edges of a device and thus greatly limiting their range of possible applications [7] . Recently, based on micromagnetic simulations, it was suggested that this problem could be circumvented in chiral skyrmions which exhibit a local anti-ferromagnetic coupling between the spins [8, 9] . It was argued that not only in such antiferromagnetic (AFM) skyrmions the Magnus forces on each of the staggered magnetic sublattices cancel each other, but also that the velocity of AFM skyrmions along an applied electric field would be significantly faster than that of their ferromagnetic twins [8] [9] [10] . However, despite bright prospects of antiferromagnetic textures and AFM materials in general [11, 12] , the experimental observation of AFM skyrmions has not been reported so far. This can be attributed to the fact that the AFM structures are much less sensitive to external magnetic fields, while the detection of chiral antiferromagnetic textures is very challenging owing to the staggered nature of the local spin distribution [13] .
One of the key manifestations of non-trivial topology of locally ferromagnetic skyrmions is the so-called topological Hall effect (THE) [14] [15] [16] . Unlike the ordinary and anomalous Hall effects, the THE within the adiabatic picture originates in the skyrmion's spin structure giving rise to an "emergent" magnetic field which exerts a spin-dependent Lorentz force on electrons propagating through the texture. The observation of the THE in the skyrmion phase of B20 compounds such as MnSi and FeGe has been pivotal in triggering the intensive research on skyrmionic systems [17, 18] . Remarkably, alongside its experimental observation, consistent theoretical description of the THE based on semiclassical arguments has been achieved recently based on ab-initio description of Mn 1−x Fe x Si and Mn 1−x Fe x Ge alloys [19] [20] [21] . Given that the locally antiferromagnetic order is more challenging to image experimentally, the analogue of the THE for AFM skyrmions would serve as an ideal tool for their detection. The formulation of such an effect for AFM skyrmions in analogy to the THE for ferromagnetic skyrmions is, however, by far more difficult, owing to more complicated dynamics of electrons in AFM textures even in the adiabatic limit, as well as different gauge symmetry of the Berry phase description of Bloch states in antiferromagnets [22] [23] [24] [25] [26] .
In this work, based on the SU(2) semiclassical framework in combination with density functional theory (DFT) description of the electronic structure, we consider the adiabatic transport in AFM skyrmionic textures. Taking as an example synthetic AFMs, we predict that, while the transverse charge current is vanishing in AFM skyrmionic lattices subject to an external electric field, a strong response in terms of a transverse spin current could be used to detect the emergence of chiral lattices in AFM systems. We demonstrate the emergence of the corresponding topological spin Hall effect (TSHE) [27] taking Fe/Cu/Fe trilayer as a representative example for a synthetic AFM system. We discuss the physics of this new phenomenon, emphasize the importance of SU(2) gauge symmetry for its magnitude, and analyze its microscopics with respect to various parameters which determine the electronic structure of complex materials with the utter motivation of triggering the experimental observation of AFM skyrmions.
Conceptual and Computational Framework.
Within our method we access the transverse transport properties of two-dimensional synthetic AFMs with artificially imposed large-scale skyrmionic magnetic texture, based on the density-functional theory description of the electronic structure of a locally collinear system. The magnetic texture is considered to be given, constant in time, and determined by the spatially varying vector of the staggered magnetization n(r). Its influence on the dynamics of conduction electrons in real and reciprocal space is accounted for by considering effective semiclassical equations which govern the dynamics of wavepackets. For this purpose we use the formalism by Cheng and Niu [25] which takes into account a more complex SU(2) gauge freedom of doubly-degenerate electronic states in AFM crystals.
For the case of doubly degenerate bands in locally collinear AFM crystals without spin-orbit interaction the degenerate Bloch states can be expressed as pure spinors |u a = |A(k) |↑ (r) and |u b = |B(k) |↓ (r) , both of which are used to construct the electronic wavepacket. A key parameter in our theory is the overlap ξ(k) = A|B ∈ [0, 1] describing the coupling between the k dependent parts of the spin-polarized Bloch states. In contrast to conventional non-degenerate U(1) gauge symmetry the pivotal role that the parameter ξ plays is the manifestation of the non-Abelian SU(2) gauge symmetry of the problem. Constructing the wavepacket's effective Lagrangian and using the variational principle, equations determining the adiabatic evolution of wavepacket's center in real (r) and reciprocal (k) spaces as well as its spin expectation value (s) in the presence of a texture, can be derived [25, 28] . Without spin-orbit coupling and in the presence of an external electric field E these equations read (in atomic units):
According to Eq. (1a), in systems with SU(2) gauge group, the value of propagating electron's spin is not restricted to ±1 in the local frame with the spinquantization axis along n, but it rather resides on a prolate spheroid with equatorial radius ξ and its semi-major axis along n with length of 1. This geometrical property, which allows for a misalignment between the spin and local direction of the magnetization in a texture, stands in sharp contrast to the usual treatment within the U(1) adiabatic dynamics. And while the alignment of s and n is restored for ξ = 0 in the "decoupled" limit of two effective U(1) antiparallel spin subsystems, in the other limit of ξ → 1 the propagating wavepacket's spin remains constant and independent of the spin texture. Another effect of ξ lies in scaling the magnitude of the AFM analog of the "emergent" magnetic field B e,i = 1 2 ε ijk n·(∂ j n×∂ k n) in (1b), which exerts a Lorentz force on propagating electrons [15, 25] and ultimately results in the TSHE. Additionally, in the last term of Eq. (1c) the gradient of ξ in k-space modifies the group velocity. The latter effect originates in the mixed Berry curvature and is entirely absent in U(1)-systems [25] .
Here, we are after the transport properties of an AFM skyrmion lattice in a thin film of a synthetic antiferromagnet, see Fig.1 . By referring to the linearized Boltzmann equation within the constant relaxation time approximation [19] we utilize the equations for wavepacket propagation (1) to arrive at the expressions for the conductivities:
where σ
(1) ij and σ originating in the emergent magnetic field due to the spin texture, Eq. (2b).
According to (2) , the conductivities are intrinsically time-dependent and time-integrated quantities, since corresponding velocities and spin expectation values are found by evoluting the trajectories of the wavepackets in real space over time according to (1) . We evolute these equations for each of the states at the Fermi surface of the system, and for each of these k-states we initially set the real-space positions of the wavepackets on a dense mesh of points which cover the two-dimensional magnetic unit cell of the system, at the same time aligning the initial spin of the wavepacket either parallel or antiparallel to the local direction of n. Within the formalism that we use we are ultimately after the time-converged values of conductivities, although such effects as the sample size, the size of the chiral structure, as well as effects associated with impurity scattering and wavepacket decoherence give physical meaning to the values of the conductivities at intermediate times. At each of the time evolution steps for all systems studied we obtained vanishing values of transverse charge conductivities (i.e. vanishing THE), in accord to the symmetry of the problem. The transverse spin signal (i.e. TSHE) appears only in the second order with respect to τ , and we thus refer to the corresponding conductivity as σ sp ij . Numerically, the Fermi surfaces, the band dispersion , its derivatives, the values of parameter ξ on the Fermi surface and its derivative ∇ k ln ξ, were accurately evaluated for the collinear state of considered systems from ab-initio employing the technique of Wannier interpolation [29] . Additionally, a model describing the skyrmion lattice texture has to be chosen in order to define the realspace distribution of n and B e . Provided this input, the equations for propagation of wavepackets (1) were evoluted to arrive at the values of charge and spin conductivities. This overall procedure is motivated by the fact that for MnSi theoretical predictions based on a semiclassical adiabatic U(1) formalism yield results which are in good agreement to experimental measurements [19] .
Topological Spin Hall Effect in Fe/Cu(001)/Fe trilayers. In this work we focus on thin Fe/Cu(001) n /Fe trilayers, with one Fe layer on each side of the slab and varying Cu thickness n, taking them as characteristic representatives of the class of synthetic AFMs where the AFM coupling is mediated by RKKY-type exchange [30] . For each thickness of the Cu spacer (varied between 0 and 6 layers), we assume the collinear AFM arrangement between the upper and lower Fe overlayers, keeping the coupling within each overlayer ferromagnetic, see Fig.1 . While we do not necessarily expect the emergence of AFM skyrmions in this particular family of systems, we consider them as exhibiting a typical electronic structure of systems for which the two-dimensional magnetic textures could be stabilized. The skyrmion lattice tex-ture is imprinted by forcing the staggered magnetization n to vary in accordance to the so-called 3q-state with a wavelength of 190Å, as observed for MnSi [1] , see Fig. 1 . Since, to our knowledge, systems exhibiting AFM skyrmions have not been found to date, the setup we consider is designed with the purpose of exploring the impact of the SU(2) gauge freedom on transport properties in realistic systems in order to trigger an experimental observation of two-dimensional AFM textures. Within the choice of our axes, see Fig.1 , we thus study in the following the transverse spin σ sz xy and diagonal charge σ xx conductivities of the Fe/Cu(111)/Fe trilayers in the AFM skyrmion state.
As follows from Eq. (1) and (2) the values of overlap ξ and its k-derivative are of utter importance for the details of the wavepacket's evolution and resulting values of the conductivities. As apparent from the Fermi surface distributions, presented in Fig.2 for Fe/Cu 2 /Fe and Fe/Cu 6 /Fe, the behavior of ξ and its gradient, which reflects the k-dependent variation of the AFM hybridization between the states, can be very complex in thin films of transition-metals. The analysis of the thickness dependence of this behavior indicates that while the overlap ξ between the Fe-dominated states decreases with increasing Cu thickness, the overall distribution of ξ becomes more intricate. This effect can be attributed to the important role that the Cu s-states play for the mediation of the AFM coupling between the Fe overlayers: while Cu-states mostly carry moderate values of ξ, at the Brillouin zone boundary the Fe and Cu states hybridize strongly resulting in states with large ξ. Since ξ vanishes exactly at the Brillouin zone boundary, very large values of ∇ k ln(ξ) are to be expected in its vicinity.
To illustrate a profound influence that the finite value of ξ has on the time-evolution of spin of a given wavepacket, in Fig. 2(g,h) we show the spin evolution of the Fermi surface state at k ≈ (0.74, 0.07) π a in the local frame of n as it propagates through the texture (a is the in-plane lattice constant). We compare the case of computed from ab-initio value of ξ ≈ 0.53, with the case where we manually set ξ to 0.2 (while keeping the small value of |∇ k ln(ξ)| constant). As clearly visible in the figure, the wavepacket's spin displays a strong deviation from local n in both cases, even exhibiting a reversal as a function of time. However, as intuitively expected from the equations of motion, the spin dynamics for a state with smaller value of ξ is generally slower in the sense that the state's spin is more inclined to follow the texture's changes. The complex behavior of wavepacket's spin in response to non-zero overlap ξ stands in sharp contract to the U(1) adiabatic picture valid for ferromagnetic skyrmions [25] .
Next, we analyse the Fermi surface distribution of the transverse spin conductivity at times approaching convergence. The k-dependence of σ sz xy can be characterized in a τ -independent way by referring to the quantity Fig. 2(c,f) . Their general feature is a pronounced compensation of positive and negative contributions which vary rapidly in magnitude. Each closed Fermi surface line comprises both positive and negative parts which makes the band-resolved analysis of σ sz xy difficult. The effect of the SU(2) gauge freedom on the TSHE is best visible from comparing the values of A sz k for the coupled case of non-zero ξ to the case when we put ξ to zero (not shown). In the latter case the equations of motion are effectively reduced to two copies of anti-aligned U (1) systems. For all considered systems the values of A sz k were consistently larger in the uncoupled case, while the difference in A sz k for both cases is closely correlated with the distribution of ξ at the Fermi surface. This observation is in accord to an intuitive expectation that in the coupled case the effective "dephasing" of the propagating electron's spin with respect to the direction of staggered magnetization is responsible for the suppression of the spin-polarization of transverse spin current, while this mechanism is absent in the decoupled 2×U(1) case.
In order to quantify the TSHE, in analogy to ferromagnetic skyrmions in Mn x Fe 1−x Si and Mn x Fe 1−x Ge alloys [19] , we introduce the so-called topological spin Hall constant:
where B e is defined as the averaged magnitude of the emergent field over the unit cell of the skyrmion lattice. The motivation behind introducing this constant lies in the observation that, while being a τ -independent quantity, R TSH yx only weakly depends on the details of the realspace distribution of the emergent field. The TSH constant is thus a basic characteristic of an antiferromagnet which quantifies its topological spin Hall response as the texture with non-vanishing distribution of B e is imposed in some way. The TSH constant is a time-dependent quantity − a property inherited from σ sz xy − and in Fig. 3 we present its time dependence for all systems that we considered. Owing to the intricate time evolution of spin of the wavepackets, as exemplified in Fig.2(g,h) , we observe that R TSH yx varies strongly in time and even exhibits a change of sign for some of the trilayers. The converged values of the TSH constant are reached on the scale of 1 ns, which roughly corresponds to 0.5 mm assuming a typical group velocity of 500 km/s. And while this indicates that for the exact magnitude of the TSHE in AFM transition-metal films the details of spin scattering can be of importance, the overall range of values that R TSH yx displays over time according to our calculations, is encouraging. Taking into account that the value of the topological Hall constant computed with similar methods for ferromagnetic MnSi of the order of 3.0 × 10
−11
Ωm/T is in agreement to experimentally estimated value, we conclude that the predicted magnitude of the TSHE in Fe/Cu n /Fe trilayers is sizable, and can be measured experimentally.
The increasing trend of the TSH constant with the thickness of Cu spacer, presented in Fig.3 , originates in the non-trivial evolution of the Fermi surface and the coupling between the states as n is increased. Additionally, in correspondence to the previously discussed behavior of the spin conductivity at the Fermi surface, the uncoupled case (ξ = 0) yields noticeably larger values of the TSH constant. This does not necessarily have to be so, given the non-trivial oscillating in sign behavior of the k-resolved spin conductivity over the Fermi surface contours. One can imagine a situation in which the large positive and negative A sz k on parts of the same Fermi surface line are modified in a different way as one goes from the coupled to the decoupled case, resulting in smaller ξ = 0 value of the TSH constant (see for example the comparison of both cases for the value of the TSH constant at certain positions of the Fermi energy in Fe/Cu 2 /Fe in Fig. 4(b) ). Overall, taking into account that the separation between the Fe overlayers is pivotal for the magnitude of the exchange interaction which couples the upper texture to the lower one and thus has direct impact on the stability of such synthetic AFM skyrmions, the thickness of the spacer in synthetic AFMs provides a good handle of thermodynamics and transport properties of skyrmions in AFM systems.
Finally, we uncover the crucial role of the fine details of the electronic structure of transition-metal synthetic AFMs for the topological spin Hall effect. As visible in Fig. 4(b) , the value of the TSH constant is extremely sensitive to the position of the Fermi energy within the electronic structure of, for example, Fe/Cu 2 /Fe, Fig. 4(a) . As apparent from this plot, although R TSH yx is behaving very smoothly around the true Fermi energy of the system, abrupt step-wise changes can occur at special energies which correspond to the appearance or disappearance of the band edges. Another reason for a large variation of the TSH constant is passing of the Fermi energy through Dirac points of band crossings. This second mechanism manifests prominently for example at the Dirac cone appearing along the Γ − M direction at about 0.19 eV in energy, at which point both coupled and uncoupled R TSH yx change significantly. By analyzing the distribution of A sz k near this Dirac crossing, Fig. 4(c) , we can state that it is the rapid increase in A sz k as the Fermi energy approaches the Dirac point combined with the change in its sign as the Dirac point is crossed in energy, which makes such a drastic influence on the value of the TSH constant. This behavior is rather reminiscent of that of the Berry curvature of the electronic states in k-space, also exhibiting rapid variation as the Fermi energy is passing through the points of degeneracy and leading to a strong energy dependence of the anomalous Hall effect [31] . At the end, we conclude that the TSHE is extremely susceptible to the changes in the electronic structure of materials, which thus makes it an ideal property for electronic structure engineering.
Conclusions. In this work, employing the semiclassical framework grounded in the ab-initio description of the electronic structure we have demonstrated the emergence of sizeable transverse spin currents in candidate AFM skyrmionic systems. Our findings imply that the spin currents of such magnitude can be detected experimentally, resulting thus in an experimental observation of the AFM counterpart of the THE − the topological spin Hall effect. The discovery of the TSHE in AFM skyrmions which we discuss here opens new vistas for the detection of AFM skyrmions in various systems, and we believe that the TSHE will play the role similar to that of the conventional THE for the discovery of ferromagnetic skyrmions. Moreover, the prominent TSHE marks the AFM skyrmions as promising objects for pure spin current generation, which, as opposed to the spin Hall effect in paramagnets, is not relying on relativistic effects in the electronic structure. We suggest that such spin currents can be detected with standard techniques, i.e. by detecting the spin-torque that topological spin Hall currents would exert on a ferromagnet brought in contact with the AFM skyrmionic system, or by magneto-optical means in terms of corresponding spin accumulation at the edges of the sample. Concerning the prospect for theoretical developments of the approach that we use, the most natural conceptual extension would lie in including the effect of momentum and spin scattering on the details of formation and propagation of transverse spin currents in complex chiral antiferromagnetic media with disorder, which would allow reliable estimation of the TSHE in realistic disordered materials with the aim of scrutinizing the influence of finite temperature and impurity scattering on the properties of such "chiral" spin currents.
Methods. The ab-initio calculations were performed in the generalized gradient approximation to the exchange correlation functional using the film version of the full-potential linearized method as implemented in the Jülich code FLEUR [32]. The z-positions of the atoms were relaxed starting from the in-plane lattice parameter a ≈ 4.59a 0 , where a 0 is Bohr's radius. Subsequently the charge densities were converged with at least 300 k-points. Maximally localized Wannier functions from Fe and Cu s, p, d initial states were constructed on a 12 × 12 grid using the wannier90 code [29] . A frozen window maximum was chosen around 2.3 eV above the Fermi energy. The systems' Hamiltonian, spin, and overlap ξ were obtained in the space of maximally localized Wannier functions via an interface between FLEUR and wannier90. For the transport calculations we employed the classical Runge-Kutta method enforcing a maximal real space step of 10a 0 while generally using a set time step ∆t ≈ 1fs. An initial 10 × 10 real space grid spanning the magnetic unit cell was used, larger grids did not yield a significant difference. In the Fermi energy calculations (Fig. 3) we started from 16386 k-points, for the energy dependence (Fig. 4) we used 4096.
